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SYMBOLIC EXTENSIONS FOR 3-DIMENSIONAL DIFFEOMORPHISMS
DAVID BURGUET ∗ AND GANG LIAO ∗∗
Abstract. We prove that every Cr diffeomorphism with r > 1 on a three-dimensional man-
ifold admits symbolic extensions, i.e. topological extensions which are subshifts over a finite
alphabet. This answers positively a conjecture of Downarowicz and Newhouse in dimension
three.
1. Introduction
A symbolic extension of a topological dynamical system is a topological extension given
by a subshift over a finite alphabet. Existence and entropy of symbolic extensions have been
intensively investigated in the last decades. M. Boyle and T. Downarowicz [3] characterized the
problem of existence in terms of new entropic invariants related to weak expansiveness properties
of the system. In particular asymptotically h-expansive systems always admit principal symbolic
extensions, i.e. extensions that preserve the entropy of invariant measures [4].
For smooth systems on compact manifolds this theory appears to be of highly interest. It
is well known that Markov partitions allow to encode uniformly hyperbolic systems by finite-
to-one symbolic extensions of finite type. Beyond uniform hyperbolicity, partially hyperbolic
diffeomorphisms with one dimensional center satisfy the h-expansiveness property, hence ad-
mit principal symbolic extensions [12, 18]. More recently the second author with M. Viana
and J. Yang showed that smooth systems with no principal symbolic extension are C1-close to
diffeomorphisms with homoclinic tangencies [17].
Moreover the existence of symbolic extensions depends on the order of smoothness. While
C∞ systems are asymptotically h-expansive [8, 24] and thus admit principal symbolic extensions,
there is a C1 open set of 3-dimensional diffeomorphisms [1] (resp. Lebesgue preserving diffeomor-
phisms [9, 15]) in which generic ones have no symbolic extension. In intermediate smoothness,
i.e. for Cr systems with 1 < r < +∞, the existence was conjectured by T. Downarowicz and
S. Newhouse in [15] and in general this problem is still open. It has been first proved for circle
maps by T. Downarowicz and A. Maass [14] and then by the first author for surface diffeomor-
phisms [5, 6]. In this paper we work further on [6] to show existence of symbolic extensions for
diffeomorphisms in dimension 3. We refer to the next section for the definitions and notations
used in our main Theorem below.
Main Theorem. Let f be a Cr diffeomorphism with r > 1 on a compact 3-dimensional manifold
M . Then f admits a symbolic extension π : (Y, S)→ (M, f) satisfying for all µ ∈Minv(f):
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max
ξ∈Minv(S), piξ=µ
h(S, ξ) = h(f, µ) +
λ+1 (f, µ) + λ
+
2 (f, µ)
r − 1
,
where λ+1 (f, µ) ≥ λ
+
2 (f, µ) denote the positive parts of the two largest Lyapunov exponents of µ.
The ingredient of the present advance is mainly a new inequality relating the Newhouse
local entropy of an ergodic measure and the local volume growth of smooth discs of unstable
dimension (which is the number of positive Lyapunov exponents of the measure). Section 3 is
devoted to the proof of this key estimate. Then for a 3-dimensional diffeomorphism, we may
bound from above the Newhouse local entropy with respect to either f or f−1 by the local
volume growth of curves, which implies the existence of symbolic extensions by combining with
the Reparametrization Lemma developed in [6]. This is proved together with the Main Theorem
in the last section.
2. Preliminaries
2.1. Newhouse entropy structure and the Symbolic Extension Theorem. Consider a
topological system (M, f), i.e. a continuous map f :M →M on a compact metric space (M,d).
For x ∈M, ε > 0, n ∈ N, we denote the n-step dynamical ball at x with radius ε by
Bn(x, ε, f) = {y ∈M : d(f
i(x), f i(y)) < ε, i = 0, · · · , n− 1}.
A subset N of M is said (n, δ)-separated when any pair y 6= z in N satisfies d(f i(y), f i(z)) > δ
for some i ∈ [0, n − 1]. For any subset Λ of M and δ > 0, denote by s(n, δ,Λ) the maximal
cardinality of the (n, δ)-separated sets contained in Λ. For any Λ ⊂M , ε > 0, define
h∗(f,Λ, ε) = lim
δ→0
lim sup
n→∞
1
n
log sup
x∈Λ
s (n, δ, Bn(x, ε, f) ∩ Λ) .
Denote by Minv(f) (resp. Merg(f)) the set of all f -invariant (resp. ergodic f -invariant) Borel
probability measures endowed with the usual metrizable weak-∗ topology. Given µ ∈ Merg(f),
for any ε > 0, Newhouse [20] defined the tail entropy of µ at the scale ε by letting
h∗(f, µ, ε) = lim
η→1, 0<η<1
inf
µ(Λ)>η
h∗(f,Λ, ε).
For µ ∈Minv(f), assuming µ =
∫
Merg(f)
ν dMµ(ν) is the ergodic decomposition of µ, let
h∗(f, µ, ε) =
∫
Merg(f)
h∗(f, ν, ε) dMµ(ν).
Entropy structures are particular non-increasing sequences of nonnegative functions defined
on Minv(f) which are converging pointwisely to the Kolmogorov-Sinai entropy function h :
Minv(f) → R
+ (see [13] for a precise definition). They satisfy the following criterion for the
existence of symbolic extensions.
Theorem 1 (Symbolic Extension Theorem [3, 14]). Let (M, f) be a topological system. Assume
E is a nonnegative affine upper semicontinuous function such that for all µ ∈Minv(f) there is
an entropy structure (hk)k satisfying
(1) lim
k
lim sup
Merg(f)∋ν→µ
(E + h− hk)(ν) ≤ E(µ).
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Then there exists a symbolic extension π : (Y, S)→ (M, f) such that
max
ξ∈Minv(S), piξ=µ
h(S, ξ) = (E + h)(µ).
Letting εk → 0, then the sequence (h
New
k )k defined by h
New
k (f, µ) := h(f, µ) − h
∗(f, µ, εk)
for all k ∈ N and for all µ ∈ Minv(f) is an entropy structure [13]. As a matter of fact, for any
m ∈ Z \ {0}, hNewm,k (f, µ) := h(f, µ) −
1
|m|h
∗(fm, µ, εk) for all k ∈ N and for all µ ∈ Minv(f) is
also an entropy structure (see Lemma 1 in [6]).
2.2. Lyapunov exponents. Let f :M →M be a differentiable map on a compact Riemannian
manifold (M, ‖ · ‖) of dimension d. Given x ∈M , the Lyapunov exponent relative to a direction
v ∈ TxM is the exponential growth rate given by the limit
lim
n→∞
1
n
log ‖Dxf
nv‖,(2)
which exists for almost every point x with respect to every f -invariant Borel probability measure
µ by Oseledets theorem [21] (it does not depend on the Riemannian structure onM). Moreover,
for µ-almost every point x, there exist values λ1(f, x) ≥ · · · ≥ λd(f, x) of the limit (2) and
measurable flags of the tangent spaces {0} = Gd+1x ⊂ G
d
x ⊂ · · · ⊂ G
1
x = TxM satisfying:
lim
n→∞
1
n
log ‖Dxf
nv‖ = λi(f, x), ∀v ∈ G
i
x \G
i+1
x , 1 ≤ i ≤ d.
For any µ ∈Minv(f), 1 ≤ i ≤ d, we denote
λi(f, µ) =
∫
λi(f, x) dµ(x),
i∑
j=1
λ+j (f, µ) =
∫ i∑
j=1
λ+j (f, x) dµ(x).
For ν ∈ Merg(f), we have λi(f, ν) = λi(f, x) for all i and for ν-almost every x. By standard
arguments the function µ 7→
∑i
j=1 λ
+
j (f, µ) defines an affine upper semicontinuous function on
Minv(f) (see Lemma 3 in [6]). For a C
r diffeomorphism with r > 1 on a compact 3-dimensional
Riemannian manifold, we will prove that E =
∑2
j=1 λ
+
j (f,·)
r−1 satisfies Inequality (1), which together
with Theorem 1 implies the Main Theorem.
2.3. Nonuniformly hyperbolic estimates. Assume now f is a diffeomorphism. In this case,
Oseledets theorem provides for any µ ∈ Minv(f), for µ-a.e., x ∈ M , a decomposition on the
tangent space TxM = E
cs
x ⊕ E
u
x and ρcs(x) ≤ 0 < ρu(x) satisfying
• lim
|n|→∞
1
n log ‖Dxf
n(v)‖ ≤ ρcs(x), ∀ 0 6= v ∈ E
cs
x ;
• lim
|n|→∞
1
n log ‖Dxf
n(w)‖ ≥ ρu(x), ∀ 0 6= w ∈ E
u
x ;
• lim
|n|→∞
1
n log sin∠(E
cs
fn(x), E
u
fn(x)) = 0.
For 0 < γ ≪ λu and k ∈ N, we consider the sets Λk(λu, γ) consisting of points x in M with the
following properties:
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• ‖Dfn|Ecsfi(x)‖ ≤ e
kγe|i|γenγ , ∀ i ∈ Z, n ≥ 1;
• ‖Df−n|Eufi(x)‖ ≤ e
kγe|i|γen(−λu+γ) , ∀ i ∈ Z, n ≥ 1;
• sin∠(Ecsfi(x), E
u
fi(x)) ≥ e
−kγe−|i|γ , ∀ i ∈ Z.
From the definition, it holds that [2, 22]
• TxM = E
cs
x ⊕ E
u
x is a continuous splitting on each Λk(λu, γ);
• f±(Λk(λu, γ)) ⊂ Λk+1(λu, γ) for any k ∈ N;
• x ∈
⋃
k∈N Λk(λu, γ) provided λu ≤ ρu(x);
• limλu→0 µ
(⋃
k∈N Λk(λu, γ)
)
= 1 for any µ ∈Minv(f).
For the sake of statements, we let Λk = Λk(λu, γ) for any k ∈ N and Λ
∗ =
⋃
k∈N Λk(λu, γ).
Denote λ′u = λu − 2γ. Given x ∈ Λ
∗, define for all v = vcs + vu and w = wcs + wu with
vcs, wcs ∈ E
cs
x and vu, wu ∈ E
u
x ,
< vcs, wcs >
′ =
+∞∑
n=0
e−4nγ < Dxf
n(vcs), Dxf
n(wcs) >,
< vu, wu >
′ =
+∞∑
n=0
e2nλ
′
u < Dxf
−n(vu), Dxf
−n(wu) >,
< v,w >′ = < vu, wu >
′ + < vcs, wcs >
′ .
There exists a1 = a1(γ) > 1 such that
‖v‖ ≤ ‖v‖′ ≤ a1e
kγ‖v‖, ∀ v ∈ TΛkM.(3)
The norm ‖ · ‖′ is called a Lyapunov metric, with which f behaves uniformly on Λ∗:
1
‖Df−1‖
‖vcs‖
′
x ≤ ‖Dxf(vcs)‖
′
f(x) ≤ e
2γ‖vcs‖
′
x,
1
‖Df‖
‖vu‖
′
x ≤ ‖Dxf
−1(vu)‖
′
f−1(x) ≤ e
−λ′u‖vu‖
′
x.
In this manner, the splitting TΛ∗M = E
cs ⊕ Eu is dominated with respect to ‖ ‖′, i.e.
‖Dxf(vcs)‖
′
‖Dxf(vu)‖′
≤ e2γ−λ
′
u
‖vcs‖
′
‖vu‖′
, ∀ 0 6= vcs ∈ E
cs
x , 0 6= vu ∈ E
u
x , x ∈ Λ
∗,
with 2γ − λ′u < 0.
We consider a Cr diffeomorphism f on a Cr smooth Riemanian manifold (M, ‖ · ‖)) with
r > 1. Let α = min{r − 1, 1}. We are going to state that the dominated behavior on each Λk
can be extended to a e−kdγ
′
-neighborhood for γ′ = α−1γ. Moreover, for attaining a preassigned
SYMBOLIC EXTENSIONS FOR 3-DIMENSIONAL DIFFEOMORPHISMS 5
local proximity of dominated splitting, we may choose a positive number b independently of k
such that this proximity holds in a be−kdγ
′
-neighborhood of Λk.
Let d be the Riemannian distance on M and r be the radius of injectivity of (M, ‖ · ‖). The
ball at x ∈ M of radius R ∈ R+ with respect to d is denoted by B(x,R). Then for y ∈ B(x, r)
we use the identification
TB(x,r)M ≃ B(x, r) × TxM,
(y, v) 7→
(
y,Dy(exp
−1
x )(v)
)
to “translate” the vector v ∈ TyM to the vector vˆx := Dy(exp
−1
x )(v) ∈ TxM . Recall that
the exponential map (x, v) 7→ expx(v) defines a C
r map (thus C1+α) from TM to M with
Dx(expx) = IdTxM . Since the diffeomorphism f is also C
1+α on the compact manifoldM , there
exist K > 1, a2 > 0 such that
∀x ∈M, ∀(y, v) ∈ TB(x,a2)M,
‖v‖
2 ≤ ‖vˆx‖ ≤ 2‖v‖
and ‖Dxf
±(vˆx)− D̂yf±vf(x)‖ ≤ K‖v‖d(x, y)
α.
For x ∈ Λ∗ and (y, v) ∈ TB(x,a2)M , we define ‖v‖
′′
x = ‖vˆx‖
′ and we also let <,>′′x be the
associated scalar product on TyM . It follows then from (3) that
∀x ∈ Λk, ∀(y, v) ∈ TB(x,a2)M, 2a1e
kγ‖v‖ ≥ ‖v‖′′x = ‖vˆx‖
′ ≥
‖v‖
2
.(4)
We write vˆx as v whenever there is no confusion and we also denote by TyM = E
cs
x ⊕ E
u
x the
splitting of TyM which translates to the splitting TxM = E
cs
x ⊕ E
u
x . Let λ
′′
u = λ
′
u − γ and let
a′2 > 0 such that f
i(B(x, a′2)) ⊂ B(f
ix, a2) for all x ∈M and i = 0, 1,−1. Then define
γk = min

1, a′2,
(
e−λ
′′
u − e−λ
′
u
4a1e(k+1)γK
) 1
α

 .
Then we have for all x ∈ Λk, for all y ∈ B(x, γk) and for all vcs/u ∈ E
cs/u
x ⊂ TyM (see [22] p.72
for further details) :( 1
‖Df−1‖
− (eγ − 1)
)
‖vcs‖
′′
x ≤ ‖Dyf(vcs)‖
′′
f(x) ≤ e
3γ‖vcs‖
′′
x,(5) ( 1
‖Df‖
− (eγ − 1)
)
‖vu‖
′′
x ≤ ‖Dyf
−1(vu)‖
′′
f−1(x) ≤ e
−λ′′u‖vu‖
′′
x.(6)
Define κ(x) = min{k ∈ N : x ∈ Λk} for x ∈ Λ
∗. Then the inequalities (5) and (6) hold for any
y ∈ B(x, γκ(x)). Such sets B(x, γκ(x)) are called Lyapunov neighborhoods. Letting γ
′ = α−1γ,
we have γk = a3e
−kγ′ < 1 for k large enough and some constant a3 independent of k. We use
d′′x to denote the distance induced by ‖ · ‖
′′
x on B(x, a2) and B
′′
x(y, r) to denote the ball centered
at y with radius r in d′′x.
For the purpose of our use in the computation of tail entropy and local volume growth, we
need to estimate the proximity of the dominated splitting in Lyapunov neighborhoods along
orbits. For a splitting F = F1⊕F2 of an Euclidean space F with norm ‖ ‖, and ξ > 0, we denote
by Q‖ ‖(F1, ξ) the cone of width ξ of F1 in ‖ ‖, i.e. the set {v = v1 + v2 ∈ F : v1 ∈ F1, v2 ∈
F2, ‖v2‖ ≤ ξ‖v1‖}. For any vector subspace G of F we let ι(G) be the Plu¨cker embedding of
G in the projective space P	F of the Euclidean power exterior algebra 	F . When A : F → F ′
is a linear map between two finite dimensional Euclidean spaces F and F ′, we let 	lA be the
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induced map on the l-exterior power 	lF with l less than or equal to the dimension of F . With
the above notations the map x 7→ 	lDxf is α-Ho¨lder and one may assume its Ho¨lder norm is
less than K by taking K larger in advance. Observe that 	lF ∋ u 7→ ‖	lAu‖ induces a map on
P 	l F by letting ‖ 	l A(Pu)‖ = ‖	
lAu‖
‖u‖ . Also we let lu(f, z) be the dimension of E
u(z). When
µ ∈Merg(f), lu(f, z) is a constant for µ-a.e. z, which we denote by lu(f, µ).
Lemma 1. For any ξ > 0 small enough there exists aξ > 0 such that for any x ∈ Λ
∗ and for
any y ∈ B
(
x, aξγ
l
κ(x)
)
with l = lu(f, x) we have :
(i) ‖Dyf(v)‖
′′
f(x) ≥ e
λ′′u−γ‖v‖′′x for all v ∈ Q‖‖′′x (E
u
x , ξ) and ‖Dyf(v)‖
′′
f(x) ≤ e
4γ‖v‖′′x for all
v ∈ Q‖‖′′x (E
cs
x , ξ),
(ii) Dyf(Q‖‖′′x (E
u
x , ξ)) ⊂ Q‖‖′′f(x)(E
u
f(x), ξ) and Dyf
−1(Q‖‖′′x (E
cs
x , ξ)) ⊂ Q‖‖′′
f−1(x)
(Ecsf−1(x), ξ),
(iii) e−γ ≤
‖	lDyf(ι(G))‖
′′
f(x)
‖	lDxf(ι(Eux ))‖
′′
f(x)
≤ eγ for all l-plane G ⊂ Q‖‖′′x (E
u
x , ξ).
Proof. Let ξ > 0 and x ∈ Λ∗.
(i) By the domination property Ecsx ⊕E
u
x at y with respect to ‖·‖
′′
x given by the inequalities
(5) and (6), the first item holds for small ξ independent of κ(x).
(ii) Using the invariance of Eu and the domination property at x there exists ς ∈ (0, 1)
independent of x satisfying Dxf(Q‖‖′′x (E
u
x , ξ)) ⊂ Q‖‖′′f(x)(E
u
f(x), ςξ). Then for any y ∈
B(x, aξγκ(x)), we get by the Inequalities (4)
‖Dxf −Dyf‖
′′
x := max
‖v‖′′x=1
‖Dxf(v)−Dyf(v)‖
′′
f(x)
≤ 4a1e
κ(f(x))γ‖Dxf −Dyf‖
≤ 4Ka1e
(κ(x)+1)γ(aξγκ(x))
α
≤ aαξ .
For small γ, by (5) and (6) one has also
1
2‖Df−1‖
≤ min
‖v‖′′x=1
‖Dyf(v)‖
′′
f(x) ≤ max
‖v‖′′x=1
‖Dyf(v)‖
′′
f(x) ≤ 2‖Df‖.
It follows that for ‖v‖′′x = 1, the angle ∠
′′(Dyf(v), Dxf(v)) with respect to ‖·‖
′′
f(x) is less
than arctan(ξ)−arctan(ςξ) for aξ small enough. We conclude that Dyf
(
Q‖‖′′x (E
u
x ), ξ
)
⊂
Q‖‖′′
f(x)
(
Euf(x), ξ
)
for any y ∈ B(x, aξγk). We prove similarly the cone invariance prop-
erty for the center stable direction.
(iii) To prove the last item observe first that using again the domination property at x we
get
∣∣∣∣ ‖	lDxf(ι(G))‖′′f(x)‖	lDxf(ι(Eux ))‖′′f(x) − 1
∣∣∣∣ ≤ 1− e−γ/2 for all l-planes G ⊂ Q‖‖′′x (Eux , ξ) for ξ > 0 small
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enough. As f is eλ
′′
u -expanding in the unstable direction with respect to ‖ · ‖′′ we have
‖ 	l Dxf(ι(E
u
x ))‖
′′
f(x) ≥ e
lλ′′u .
Then arguing as above for y ∈ B(x, aξγ
l
κ(x)), we have by Lemma 2 in the Appendix and
the Inequalities (4) :
‖ 	l Dxf − 	
lDyf‖
′′
f(x) ≤ (4a1e
κ(f(x))γ)l‖ 	l Dxf − 	
lDyf‖ ≤ a
α
ξ .
Therefore we get for aξ small enough :
∣∣∣∣∣
‖ 	l Dyf(ι(G))‖
′′
f(x)
‖ 	l Dxf(ι(Eux ))‖
′′
f(x)
− 1
∣∣∣∣∣ ≤
∣∣∣‖ 	l Dyf(ι(G))‖ − ‖ 	l Dxf(ι(G))‖′′f(x)∣∣∣
‖ 	l Dxf(ι(Eux ))‖
′′
f(x)
+
∣∣∣∣∣
‖ 	l Dxf(ι(G))‖
′′
f(x)
‖ 	l Dxf(ι(Eux ))‖
′′
f(x)
− 1
∣∣∣∣∣
≤
aαξ
elλ
′′
u
+ 1− e−γ/2
≤ 1− e−γ .

From the domination structure Ecs ⊕ Eu in the norm ‖ · ‖′′x, one may build a family of fake
center-stable manifolds as follows.
Proposition 1. With the notations of Lemma 1, for any ξ > 0 small enough, there exist
bξ ∈ (0, aξ) and families {W
cs
x : x ∈ Λ
∗} of C1 manifolds satisfying
(i) uniform size: for x ∈ Λk, k ∈ N, there is a C
1 map φx : E
cs
x → E
u
x such that W
cs
x is
locally given by the graph Γφx := {(z, φx(z)), z ∈ E
cs
x } of φx, i.e.
Wcsx = expx(Γφx) ∩B(x, aξγk);
(ii) almost tangency: TyW
cs
x lies in a cone of width ξ of E
cs
x in ‖ · ‖
′′
x for any y ∈ W
cs
x ;
(iii) local invariance: f±Wcsx (bξγκ(x)) ⊂ W
cs
f±(x) with W
cs
x (ζ) being the ball of radius ζ cen-
tered at x inside Wcsx with respect to the distance induced by ‖ · ‖
′′
x on W
cs
x .
Proof. By taking the exponential map at x we can assume without loss of generality that we are
working in Rd. Let ξ and aξ be as in Lemma 1. For any x ∈ Λ
∗, we can extend f |B(x,aξγκ(x))
to a diffeomorphism f˜x : R
d → Rd such that
• f˜x(y) = f(y) for y ∈ B(x, aξγκ(x));
• ‖Dyf˜x −Dxf‖
′′
x ≤ 2a
α
ξ for y ∈ R
d.
By taking aξ smaller, the properties of Lemma 1 hold with respect to f˜x for all y ∈ R
d. Let Ξ be
the disjoint union given by Ξ =
∐
x∈Λ∗{x}×R
d where Λ∗ is endowed with the discret topology.
Then f˜ = (f˜x)x∈Λ∗ can be viewed as a map from Ξ to itself by letting f˜(x, v) =
(
f(x), f˜x(v)
)
.
Note that the global splitting
∐
x∈Λ∗{x} × R
d =
∐
x∈Λ∗{x} × (E
cs
x ⊕ E
u
x ) is dominated with
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respect to f˜ . By [16] §5, we can obtain a family {Ycsx : x ∈ Λ
∗} of global C1 submanifolds in
Rd which are C1 graphs defined on Ecsx such that we have for all x ∈ Λ
∗ :
{x} × Ycsx =
+∞⋂
n=0
f˜−n
(
{fn(x)} ×Q‖‖′′x (E
cs
fn(x), ξ)
)
,
∀y ∈ Rd, TyY
cs
x ⊂ Q‖‖′′x (E
cs
x , ξ).
In particular we get f˜±({x} × Ycsx ) ⊂ {f
±(x)} × Ycsf±(x). Since we have f˜ |{x}×B(x,aξγκ(x))=
f |B(x,bξγκ(x)), one concludes the proof by considering W
cs
x = Yx ∩ B(x, aξγκ(x)) and taking
much smaller bξ than aξ.

3. Tail entropy and local volume growth
Let f : M → M be a Cr diffeomorphism with r > 1 on a compact Riemannian manifold
(M, ‖‖). In this section, we relate the Newhouse local entropy of an ergodic measure with the
local volume growth of smooth unstable discs. We begin with some definitions. A Cr map σ,
from the unit square [0, 1]k of Rk to M , which is a diffeomorphism onto its image, is called a Cr
k-disc. The Cr size of σ is defined as
‖σ‖r = sup{‖D
qσ‖ : q ≤ r, q ∈ R+},
where ‖Dqσ‖ denotes the (q − [q])-Ho¨lder norm of D[q]σ for q /∈ N and the usual supremum
norm of the derivative Dqσ of order q for q ∈ N.
For any C1 smooth k-disc σ and for any χ > 0, 1 ≫ γ > 0, C > 1 and n ∈ N, we consider
the set Hnf (σ, χ, γ, C) of points of [0, 1]
k whose exponential growth of the induced map on the
k-exterior tangent bundle is almost equal to χ:
Hnf (σ, χ, γ, C) :=
{
t ∈ [0, 1]k : ∀1 ≤ j ≤ n− 1, C−1e(χ−γ)j ≤ ‖ 	k Dt
(
f j ◦ σ
)
‖ ≤ Ce(χ+γ)j
}
.
For Γ ⊂ [0, 1]k, we also denote by |σ|Γ| the k-volume of σ on Γ, i.e. |σ|Γ| =
∫
Γ
‖	kDtσ‖ dλ(t),
where dλ is the Lebesgue measure on [0, 1]k. Then given χ > 0, 1 ≫ γ > 0, C > 1, x ∈ M ,
n ∈ N and ε > 0, we define the local volume growth of σ at x with respect to these parameters
as follows :
V n,εx (σ|χ, γ, C) :=
∣∣(fn−1 ◦ σ)|∆n ∣∣
with ∆n := H
n
f (σ, χ, γ, C) ∩ σ
−1Bn(x, ε, f).
Proposition 2. Let ν ∈ Merg(f) with l = lu(f, ν) ≥ 1. Then for any ε > 0, 1 > η > 0 and
γ > 0, there exist a Borel set Fη with ν(Fη) > η and a constant C > 1, such that for all δ > 0,
all n large enough and all x ∈ Fη :
s(n, δ, Bn(x, ε, f) ∩ Fη) ≤ e
γn sup
σ l-disk
with ‖σ‖r≤1
V n,2εx
(
σ
∣∣∣∣∣
∑
i
λ+i (ν), γ, C
)
.
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In fact the lu-discs can be chosen to be affine through the exponential map (see the proof of
Proposotion 2 below). Let v∗k(f, ε) denote the local volume growth of k-disks :
v∗k(f, ε) = lim sup
n
1
n
sup
x∈M
sup
σ k-disk
with ‖σ‖r≤1
log
∣∣(fn−1 ◦ σ)|σ−1Bn(x,ε,f)∣∣ .
S. Newhouse [19, 20] proved that the Newhouse local entropy h∗(f, ν, ε) of an ergodic measure
is less than or equal to the local volume growth of center-unstable dimension. As a direct
consequence of Proposition 2, we improve this estimate by considering the local volume growth
of unstable dimension.
Corollary 1. With the above notations,
∀ε > 0 ∀ν ∈Merg(f), h
∗(f, ν, ε) ≤ v∗lu(f,ν)(f, 2ε).
Such an inequality was established by K. Cogswell in [11] between the Kolmogorov-Sinai
entropy and the global volume growth of unstable discs (in particular Cogswell’s main result
implies Corollary 1 for ε larger than the diameter of M).
Remark 1. For any ν ∈ Merg(f), let us denote by lcu(f, ν) the number of nonnegative Lya-
punov exponents of ν. The following estimate is shown in [20] :
∀ε > 0 ∀ν ∈Merg(f), h
∗(f, ν, ε) ≤ sup
σ lcu(f,ν)-disk
with ‖σ‖r≤1
lim sup
n
1
n
sup
x∈M
log
∣∣(fn−1 ◦ σ)|σ−1Bn(x,2ε,f)∣∣ .
Observe the right-hand side term differs from the local volume growth v∗lcu(f,ν)(f, 2ε) as we invert
the supremum in σ with the limsup in n. We do not know if the above inequality still holds true
for lu in place of lcu.
We prove now Proposition 2 which is the key new tool to prove the existence of symbolic
extensions in dimension 3 combining with the approach developed in [6].
Proof of Proposition 2. Consider ν ∈ Merg(f) with l = lu(f, ν) ≥ 1. Let 0 < γ ≪ λu :=
λl(f, ν) in the nonuniformly hyperbolic estimates of Section 2. Fix η ∈ (0, 1) and k ∈ N
with ν(Λk(λu, γ)) > η. There is a subset Fη of Λk = Λk(λu, γ) with ν(Fη) > η such that
1
n‖ 	
l Dy(f
n|Euy )‖ is converging uniformly in y ∈ Fη to
∑
i λ
+
i (f, y) =
∑
i λ
+
i (f, ν) when n goes
to +∞. Let ε ∈ (0, 1) and εk < ε to be precised. For any given xˆ ∈ Fη, 0 < δ < ε, let En
be a maximal (n, δ)-separated set in d for f in Bn(xˆ, ε, f) ∩ Fη. There exists x ∈ En such that
E′n = En ∩B(x, εk) satisfies ♯E
′
n ≥ A1
(
εk
ε
)d
♯En for some universal constant A1. Since we only
deal with the local dynamics around the orbit of x, we can assume without loss of generality
that we are working in Rd by taking the exponential map at x. Take 0 < εk < (a1e
kγ)−1 so
small that B(x, εk) ⊂ B
′′
x(x, 2a1e
kγεk) ⊂ B(x, ε) and consider
Wˆcsx = (x+ E
cs
x ) ∩B
′′
x(x, 2a1e
kγεk).
For θn = βke
−n(4γ+lγ′) with βk = βk(δ) to be precised we let A
cs be a θn-net of Wˆ
cs
x for d
′′
x
satisfying ♯Acs ≤ A2θ
− dimEcs
n = A2θ
−(d−l)
n for some universal constant A2. This means that
any point of Wˆcsx is within a distance θn of A
cs for d′′x. For any z ∈ A
cs, denote
Iz = {z + v : ‖v‖
′′
x ≤ 4a1e
kγεk, v ∈ E
u
x}.
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For y ∈ B′′x(x, 2a1e
kγεk) we let y = ycs + yu with ycs ∈ x + E
cs
x and yu ∈ E
u
x . Observe
that Ecsx and E
u
x are orthogonal in <,>
′′
x, thus ycs lies in Wˆ
cs
x and there exists zy ∈ A
cs with
‖ycs − zy‖
′′
x < θn. Therefore, when y also lies in Λk we get :
‖ycs − zy‖
′′
y ≤ 2a1e
kγ‖ycs − zy‖
≤ 4a1e
kγ‖ycs − zy‖
′′
x
≤ 4a1e
kγθn.
For small ξ ∈ (0, 14 ), let bξ > 0 be as in Lemma 1 and Proposition 1. Since the distributions
Ecs and Eu are continuous on Λk, we may choose εk and βk so small that for any y ∈ E
′
n:
• the set ([ycs, zy] + E
u
x )∩W
cs
y defines a graph Γφy of a C
1 function φy : [ycs, zy] ⊂ E
cs
x →
Eux ,
• E
cs/u
x ⊂ Q‖‖
(
E
cs/u
y ,
ξ
4a1ekγ
)
⊂ Q‖‖′′y
(
E
cs/u
y , ξ
)
, these cones being defined with respect
to the splitting Ecsy ⊕ E
u
y .
x zy ∈ A
cs
ycs
y ty Wcsy
Izy ⊂ zy + E
u
x
Wˆ
cs
x
Figure 1. The transverse intersection at ty of Izy and W
cs
y for y ∈ E
′
n.
Let θy : [0, 1]→ E
cs
x + E
u
x be the reparametrization of the graph of φy given by
∀t ∈ [0, 1], θy(t) = ycs + t(zy − ycs) + φ(ycs + t(zy − ycs).
Note that θy(0) = y and θy(1) is the intersection point of Izy andW
cs
y . To simplify the notations
we let ty := θy(1). It follows from the almost tangency property of center-stable fake manifolds
stated in Proposition 1 (ii) that
(7) θ′(t) ∈ Q‖‖′′y (E
cs
y , ξ).
Moreover we have
zy − ycs ∈ E
cs
x ⊂ Q‖‖′′y (E
cs
y , ξ),(8)
Dycs+t(zy−ycs)φ(zy − ycs) ∈ E
u
x ⊂ Q‖‖′′y (E
u
y , ξ).(9)
From the above properties (7), (8), (9) and ξ < 14 , one deduces after an easy computation
that ‖θ′(t)‖′′y ≤ 3‖zy − ycs‖
′′
y for all t ∈ [0, 1]. For w ∈ Λ
∗ let d′′Wcsw be the distance induced
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respectively by ‖‖′′w on W
cs
w . We have
d′′Wcsy (y, ty) ≤
∫
[0,1]
‖θ′(t)‖′′y dt,
≤ 3‖ycs − zy‖
′′
y ,
≤ 12a1e
kγθn.
Consequently by the local invariance of center-stable manifolds stated in Proposition 1 (iii)
we get for all 0 < j ≤ n :
d′′Wcs
fj (y)
(
f j(y), f j(ty)
)
≤ ‖Df |TWcs
fj−1(y)
‖′′fj−1(y)d
′′
Wcs
fj−1(y)
(
f j−1(y), f j−1(ty)
)
,
and then by Lemma 1 (i),
d′′Wcs
fj (y)
(
f j(y), f j(ty)
)
≤ e4γd′′Wcs
fj−1(y)
(
f j−1(y), f j−1(ty)
)
.
After an immediate induction we obtain for all 0 ≤ j ≤ n :
d′′Wcs
fj(y)
(
f j(y), f j(ty)
)
≤ e4jγd′′Wcsy (y, ty),
and therefore
d′′Wcs
fj(y)
(
f j(y), f j(ty)
)
≤ 12a1e
kγe4nγθn
≤ 12a1e
kγβke
−nlγ′ ,
d′′Wcs
fj(y)
(
f j(y), f j(ty)
)
≤ 12a1e
kγ βk
γκ(y)
γκ(fj(y)).
As y belongs to E′n ⊂ Λk we have κ(y) ≤ k. Therefore we get for βk ≤
bξγk
48a1ekγ
:
∀ 0 ≤ j ≤ n, d(f j(ty), f
j(y)) ≤ 2d′′Wcs
fj(y)
(
f j(y), f j(ty)
)
≤
bξ
2
γκ(fj(y)),
and we have similarly for βk <
δ
48a1ekγ
:
∀ 0 ≤ j ≤ n, d(f j(ty), f
j(y)) ≤ δ/4,
i.e. ty ∈ Bn(y, δ/4, f).
For y ∈ E′n we let now
Wn(ty) :=
n−1⋂
j=0
f−j
(
B′′fj(y)(f
j(ty),
δ
8
e−ljγ
′
)
)⋂
Iz ,
⊂ Bn(ty, δ/4, f),
⊂ Bn(y, δ/2, f).
As E′n is (n, δ)-separated, the sets (Wn(ty))y∈E′n
are pairwise disjoint.
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For δ small enough (depending only on k), for any j = 0, · · · , n−1, the ballB′′fj(y)
(
f j(ty),
δ
8e
−ljγ′
)
is contained in B
(
f j(y), bξγ
l
κ(fj(y))
)
, since d(f j(ty), f
j(y)) ≤
bξ
2 γ
l
κ(fj(y)). Let (e
i
x) be an or-
thonormal basis of Eux with respect to ‖ · ‖
′′
x. We consider the affine reparametrization of
Iz , z ∈ A
cs, given by σz : [0, 1]
lν → M , (ti)i 7→ z +
∑
i(ti − 1/2)4a1e
kγεke
i
x. Noting that
Eux ∈ Q‖‖′′y (E
u
y , ξ), by Lemma 1 (ii), for any τ ∈ σ
−1
z Wn(ty) and for any 0 ≤ j ≤ n, the vector
space Dσz(τ)f
j(Eux ) lies in Q‖‖′′
fj(y)
(
Eufj(y), ξ
)
. Then by Lemma 1 (iii) we get
lim sup
n
1
n
log ‖ 	l Dσz(τ)f
n|Eux ‖
′′
y = lim sup
n
1
n
n−1∑
j=0
log ‖ 	l Dfj◦σz(τ)f |Dσz(τ)fj(Eux )‖
′′
fj(y),
≤ lim sup
n
1
n
n−1∑
j=0
log ‖ 	l Dfj(y)f |Eu
fj(y)
‖′′fj(y) + γ,
= lim sup
n
1
n
log ‖ 	l Dyf
n|Euy ‖
′′
y + γ.
Noting that fn(y) ∈ Λk+n, we have by the Inequalities (4)
∀v ∈ Tfn(σz(τ))M,
‖v‖
2
≤ ‖v‖′′fn(y) ≤ 2a1e
(k+n)γ‖v‖.
Then it follows from Lemma 2 in the Appendix that
lim sup
n
1
n
log ‖ 	l Dτ (f
n ◦ σz)‖ = lim sup
n
1
n
log ‖ 	l Dσz(τ)f
n|Eux ‖,
≤ lim sup
n
1
n
log ‖ 	l Dσz(τ)f
n|Eux ‖
′′
y + lγ,
≤ lim sup
n
1
n
log ‖ 	l (Dyf
n|Euy )‖
′′
y + (l + 1)γ,
≤ lim sup
n
1
n
log ‖ 	l (Dyf
n|Euy )‖+ (2l + 1)γ,
=
∑
i
λ+i (f, ν) + (2l + 1)γ.
Similarly we also get :
lim inf
n
1
n
log ‖ 	l Dτ (f
n ◦ σz)‖ ≥
∑
i
λ+i (f, ν) − (2l+ 1)γ.
Moreover the above limsup and liminf are uniform in y ∈ E′n and τ ∈ σ
−1
z Wn(ty). Therefore
for some C > 1 we have for n large enough,
σ−1z Wn(ty) ⊂ H
n
f
(
σz ,
∑
i
λ+i (f, ν), (2l + 2)γ, C
)
.
By using Lemma 1 and classical arguments of graph transform, the set f j(Wn(ty)) for 0 ≤ j ≤
n− 1 defines a graph of a function from B′′fj(y)
(
f j(ty),
δ
8e
−ljγ′)
)
∩ Eufj(y) to E
cs
fj(y). Therefore
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the l-volume of fn−1(Wn(ty)) with respect to ‖ · ‖
′′
fn−1(y) satisfies∣∣fn−1(Wn(ty))∣∣′′fn−1(y) ≥ clδle−l2(n−1)γ′ ,(10)
for some universal constant cl. By applying again Lemma 2 in the Appendix we obtain :∣∣fn−1(Wn(ty))∣∣ ≥ (4a1e(k+n−1)γ)−l ∣∣fn−1(Wn(ty))∣∣′′fn−1(y) ,(11)
where
∣∣fn−1(Wn(ty))∣∣ denotes the l-volume of fn−1(Wn(ty)) with respect to the Riemannian
norm ‖ · ‖ on M . For z ∈ Acs we let
Γz := {y ∈ E
′
n, zy = z}
and
∆zn := H
n
f
(
σz ,
∑
i
λ+i (f, ν), (2l + 2)γ, C
)
∩ σ−1z Bn(x, 2ε, f).
As the sets Wn(ty), y ∈ Γz, are pairwise disjoint subsets of σz(∆
z
n) we have :∣∣(fn−1 ◦ σz)|∆zn∣∣ ≥ ∑
y∈Γz
∣∣fn−1(Wn(ty))∣∣ .(12)
By combining the inequalities (10), (11), (12) we obtain
∣∣(fn−1 ◦ σz)|∆zn∣∣ ≥ (4a1e(k+n−1)γ)−l ∑
y∈Γz
∣∣∣fn−1|Wn(ty)
∣∣∣′′
fn−1(y)
,
≥ clδ
le−l
2(n−1)γ′(4a1e
(k+n−1)γ)−l · ♯Γz .
With the notations introduced at the beginning of Section 3, we have therefore for some constant
D independent of n and xˆ ∈ Fη,
#Γz ≤ De
n(lγ+l2γ′)V n,2εx
(
σz
∣∣∣∣∣
∑
i
λ+i (f, ν), (2l + 2)γ, C
)
.
By letting Fn,δ := {σz, z ∈ A
cs}, we get for all xˆ ∈ Λk and some constants, all denoted by
D and independent of n and xˆ ∈ Fη :
s (n, δ, Bn(xˆ, ε, f)) = ♯En,
≤ D♯E′n,
≤ D
∑
z∈Acs
♯Γz,
≤ Den(lγ+l
2γ′)♯Acs sup
σ∈Fn,δ
V n,2εx
(
σz
∣∣∣∣∣
∑
i
λ+i (f, ν), (2l + 2)γ, C
)
,
≤ Den((d−l)(4γ+lγ
′)+lγ+l2γ′) sup
σ∈Fn,δ
V n,2εx
(
σz
∣∣∣∣∣
∑
i
λ+i (f, ν), (2l + 2)γ, C
)
.
This concludes the proof of Proposition 2 as γ and thus γ′ = α−1γ may be chosen arbitrarily
small. 
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4. Proof of Main Theorem
By Proposition 2 Newhouse local entropy of an ergodic measure with one positive Lyapunov
exponent is bounded from above by the local volume growth of curves. This volume growth
may be controled by using the Reparametrization Lemma of [6]. Following straightforwardly
the proof of the Main Proposition in [6] we get :
Proposition 3. Let f be a Cr diffeomorphism with r > 1 on a Riemannian manifold M and
µ ∈ Minv(f). For all γ > 0, there exist mµ, kµ ∈ N
∗ such that for ν ∈ Merg(f) close enough
to µ with lu(f, ν) = 1, we have
hNewmµ,kµ(f, ν) ≤
λ+1 (f, µ)− λ
+
1 (f, ν)
r − 1
+ γ.
From the criterion in Theorem 1, for proving the Main Theorem, we need consider all
ergodic measures with any possible lu. Actually, the Main Theorem is obtained from the
following Proposition by applying Theorem 1 with the upper semicontinuous affine function
E := 1r−1
∑
i=1,2 λ
+
i (f, ·).
Proposition 4. Let f be a Cr diffeomorphism with r > 1 on a 3-dimensional Riemannian
manifold M and µ ∈Minv(f). For all γ > 0, there exist an entropy structure (hk)k and kµ ∈ N
such that for ν ∈ Merg(f) close enough to µ, we have
hkµ(f, ν) ≤
∑
i=1,2 λ
+
i (f, µ)−
∑
i=1,2 λ
+
i (f, ν)
r − 1
+ γ.
In other terms, E := 1r−1
∑
i=1,2 λ
+
i (f, ·) satisfies Inequaliy (1) for a 3-dimensional C
r diffeo-
morphism f with r > 1.
Proof of Proposition 4. Fix µ ∈Minv(f). By the upper semicontinuity of
∑
i=1,2 λ
+
i (f, ·), lower
semicontinuity of λ3(f, ·) and continuity of the integral of logarithm for Jacobian, when ν is close
enough to µ, one has ∑
i=1,2
λ+i (f, µ)−
∑
i=1,2
λ+i (f, ν) ≥ −
(r − 1)γ
2
,(13)
λ3(f, µ)− λ3(f, ν) ≤
γ
2
,(14)
∣∣ ∫ log Jac(f) dν − ∫ log Jac(f) dµ∣∣ ≤ (r − 1)γ.(15)
Hence, if hν(f) ≤ γ/2, from h
New
m,k (f, ν) ≤ hν(f) for any m, k, by (13) we get
(16) hNewm,k (f, ν) ≤
∑
i=1,2 λ
+
i (f, µ)−
∑
i=1,2 λ
+
i (f, ν)
r − 1
+ γ.
Next we assume hν(f) > γ/2. By Ruelle inequality [23], it holds that min
(
lu(f, ν), lu(f
−1, ν)
)
=
1. Applying Proposition 3 to f±, there exist m±µ , k
±
µ ∈ N such that for any ν ∈ Merg(f) close
enough to µ with lu(f
±, ν) = 1,
hNew
m±µ ,k
±
µ
(f±, ν) ≤
λ+1 (f
±, µ)− λ+1 (f
±, ν)
r − 1
+ γ.
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If lu(f, ν) = 1, then
∑
i=1,2 λ
+
i (f, ν) = λ
+
1 (f, ν), thus by the above inequality, (16) holds with
respect to m+µ , k
+
µ . If lu(f
−1, ν) = 1, then λ3(f, ν) ≤ −hν(f
−1) = −hν(f) < −γ/2, which
implies λ3(f, µ) < 0 by (14). Thus,
λ+1 (f
−1, µ)− λ+1 (f
−1, ν) = λ−3 (f, ν)− λ
−
3 (f, µ)
= λ3(f, ν)− λ3(f, µ).
Noting that
∫
log Jac(f) dτ =
∑
i=1,2,3 λi(f, τ) for any τ ∈ Minv(f), by (15) we finally get
λ+1 (f
−1, µ)− λ+1 (f
−1, ν) =
∑
i=1,2
λi(f, µ)−
∑
i=1,2
λi(f, ν) +
∫
log Jac(f) dν −
∫
log Jac(f) dµ
≤
∑
i=1,2
λ+i (f, µ)−
∑
i=1,2
λ+i (f, ν) + (r − 1)γ
and therefore
(17) hNew
m−µ ,k
−
µ
(f−1, ν) ≤
∑
i=1,2 λ
+
i (f, µ)−
∑
i=1,2 λ
+
i (f, ν)
r − 1
+ γ.
By Lemma 2 in [6], the sequence (hk)k := (min(h
New
m+µ ,k
(f, ·), hNew
m−µ ,k
(f−1·))) defines an entropy
structure. Combining (16) for lu(f, ν) = 1 and (17) for lu(f
−1, ν) = 1, we conclude the proof
by considering the entropy structure (hk)k. 
Remark 2. For a local diffeomorphism f : M → M , the following local Ruelle inequlity holds
[7][10] : there exists a scale ε > 0 such that h∗(f, µ, ε) ≤ min
(∑
j λ
+
j (f, µ),−
∑
j λ
−
j (f, µ)
)
for
any µ ∈ Minv(f). In particular in dimension 3, any invariant measure with positive Newhouse
local entropy admits at least one positive and one negative Lyapunov exponent. As the proofs
of Main Theorem and Proposition 2 are just local they apply verbatim in the context of local
3-dimensional diffeomorphism.
Appendix A.
Let E and F be two finite dimensional vector spaces of dimension k. We endow E (resp. F )
with two Euclidean norms ‖ · ‖E and ‖ · ‖
′
E (resp. ‖ · ‖F and ‖ · ‖
′
F ). We consider the associated
Euclidean structures on 	kE (resp. 	kF ). Let A : E → F be an invertible linear map and 	kA
the induced map on the k-exterior powers. We denote by ‖ 	k A‖ and ‖ 	k A‖′ the associated
subordinated norms.
Lemma 2. With the above notations. Assume that we have for some constants CE , CF ≥ 1
and DE , DF ≤ 1 :
∀v ∈ E, DE‖v‖E ≤ ‖v‖
′
E ≤ CE‖v‖E,
∀w ∈ F, DF ‖w‖F ≤ ‖w‖
′
F ≤ CF ‖w‖F ,
then
(DF /CE)
k‖ 	k A‖ ≤ ‖ 	k A‖′ ≤ (CF /DE)
k‖ 	k A‖.
Proof. By the singular value decomposition there exists an orthonormal family (ei)i=1,··· ,k of
(E, ‖·‖E) such that (Aei)i is an orthogonal family in (F, ‖·‖F ) with ‖	
kA‖ = ‖Ae1 · · ·∧Aek‖F =∏k
i=1 ‖Aei‖F . Similarly we let (e
′
i)i=1,··· ,k be the corresponding orthonormal family for the
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norms ‖ · ‖′E and ‖ · ‖
′
F . Let P be the change of basis matrix from (e
′
i)i to (ei)i. Then the norms
‖e1 ∧ · · · ∧ ek‖
′
E and ‖e
′
1 ∧ · · · ∧ e
′
k‖E are just given by the absolute values of the determinants
of P and P−1 respectively. Therefore we have
| det(P−1)| ≤
∏
i
‖e′i‖E
≤ D−kE ,
and
‖e1 ∧ · · · ∧ ek‖
′
E = | det(P )|
= 1/| det(P−1)|
≥ DkE .
We conclude that
‖ 	k A‖′ ≤
‖Ae1 ∧ · · · ∧Aek‖
′
F
‖e1 ∧ · · · ∧ ek‖′E
≤ D−kE
∏
i
‖Aei‖
′
F
≤ D−kE C
k
F
∏
i
‖Aei‖F
≤ (CF /DE)
k‖ 	k A‖.
The other inequality is obtained symmetrically.

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